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Abstract
The steady flow of a second grade fluid in a porous channel is considered. The constitutive equations are those used for a second
grade fluid. The fluid is electrically conducting in the presence of a uniform magnetic field applied in the transverse direction to
the flow. It is shown that an analytical solution is possible by employing a homotopy analysis method (HAM). The convergence of
the obtained solution is also taken into account. Assessment for the influence of various parameters of interest on the velocity is
undertaken.
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1. Introduction
The theoretical study of magnetohydrodynamic (MHD) channel flow has been a subject of great interest due to its
widespread applications in designing cooling systems with liquid metals, MHD generators, accelerators, pumps and
flow meters. The solution for MHD flow through a flat channel is well known [1] and is available in the text books
on fluid dynamics. Literature on the MHD viscous flows through rectangular ducts is quite extensive. Most of the
problems deal with an analytical or an asymptotic solution for large values of Hartman number.
There is yet another area of non-Newtonian fluid mechanics, which usually also defies an analytic treatment.
Blood, ketchup, shampoo, paints, certain oils and drilling mud are some examples of non-Newtonian fluids. The non-
Newtonian fluids are considered as more appropriate models of fluids in industrial and technological applications than
Newtonian fluids. Such fluids exhibit the non-linear relationship between stress and the rate of strain at any point of
flow. Due to non-linear dependence of stresses on the rate of strain for non-Newtonian fluids, the flow analysis is
much more complicated and subtle in comparison with Newtonian fluids. The constitutive equations are very complex
involving a number of parameters and the solutions of the resulting equations in general are more difficult to obtain.
This is not only true of exact analytical solutions but even of numerical solutions. Due to the complexity of fluids,
several models of non-Newtonian fluids have been proposed in the literature. Several investigators are now engaged
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in finding the analytical or numerical solutions for flow problems that arise using different non-Newtonian fluids. One
of the important class of non-Newtonian fluids is viscoelastic fluid. However, even the most commonly used simplest
subclass of viscoelastic fluids is that of the so-called second-order fluid that can give rise to problems which are far
from trivial. The viscoelasticity of fluids leads to an increase in the order of differential equation(s) characterizing the
flow. Also the equations governing the flow in general are more non-linear in comparison with those of Newtonian
fluids. Because of these reasons, the research area of non-Newtonian fluids presents some interesting and exciting
challenges to engineers, mathematicians and computer scientists alike. Interesting recent studies on non-Newtonian
fluids have been given by various workers [2–20]. Most recently Abbas et al. [21] discussed the MHD boundary layer
flow of an upper-convected Maxwell fluid in a porous channel.
The main goal of the present communication is to find the analytic solution of the flow problem considered in [21]
for second grade fluid model. Analytic solutions for the velocity components are obtained using a powerful, easy-
to-use technique, namely the homotopy analysis method (HAM) [22,23]. This technique is based on homotopy [24]
and has already been successfully applied to several non-linear problems [25–37]. Here the series solution in terms
of the recurrence formulae is firstly computed and then its convergence is properly discussed. Finally, the graphs are
plotted and discussed for the variation of Reynolds number, Hartman number and material parameter of second grade
fluid. The importance of the work lies in the fact that the present investigation is important for many applications
in the petroleum industry, polymer technology, designing cooling systems with liquid metals, MHD generators, flow
meters, pumps and in the purification of crude oil, etc. Note that the porous channel flow is quite similar to unsteady
squeeze film flow having a separable extensional effect. Such flow has applications, in particular, in lubrication and
viscometry.
2. Description of problem
Consider the MHD flow of an incompressible second grade fluid in a porous channel of width H . The lower and
upper walls of the channel are at y = −H/2 and y = H/2, respectively. We select x-axis and y-axis parallel and
perpendicular to the channel walls, respectively. A constant magnetic field B0 is applied perpendicular to the channel
walls and the electric field is considered to be zero. The induced magnetic field is neglected for small magnetic
Reynolds number. It is further assumed that the pressure gradient is zero and flow is symmetric about both of the axes.
The problem which governs the MHD boundary layer flow is [38]
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Here ρ is the density, v the kinematic viscosity, σ the electrical conductivity and α1 the material parameter of second
grade fluid, u and v the velocity components in the x- and y-directions and the fluid injection or extraction takes place
through the porous walls with velocity V/2. Note that V > 0 corresponds to the suction case and V < 0 for injection.
Defining
x∗ = x
H
, y∗ = y
H
, u = −V x∗ f ′(y∗), v = V f (y∗). (5)
Eq. (1) is identically satisfied and Eqs. (2)–(4) reduce to
f ′′′ − M2 f ′ + Re( f ′2 − f f ′′)− α(2 f f ′′′ − f ′′2 − f f iv) = 0, (6)
f = 0, f ′′ = 0 at y = 0, (7)
f = 1
2
, f ′ = 0 at y = 1
2
,
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where
M2 = σ B
2
0H
2
µ
, Re = HV
ν
, α = α1V
Hµ
(8)
and Re > 0 indicates the suction case and Re < 0 stands for injection. It should be pointed out that for α = 0, Eq. (6)
corresponds to that of Newtonian fluid.
3. Analytical solution
In order to obtain HAM solution, the appropriate initial guess and a suxiliary linear operator are
f0(y) = y
(
3
2
− 2y2
)
, (9)
L( f ) = f ′′′, (10)
where
L[C1y2 + C2y + C3] = 0 (11)
andCi ; i = 1–3 are arbitrary constants. It is worth mentioning that we have used the third-order linear operator instead
of a fourth-order linear operator because we are not getting a meaningful h¯-curve in the case of a fourth-order linear
operator. Also due to the so-called rule of solution expression for the HAM solution permits us to take such base
functions that the fourth boundary condition that is f ′′(0) is automatically satisfied. The zeroth-order deformation
problem is
(1− p)L[ fˆ (y, p)− f0(y)] = ph¯N [ fˆ (y, p)] (12)
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where p ∈ [0, 1] is an embedding parameter and h¯ is an auxiliary non-zero parameter. For p = 0 and p = 1 we have
fˆ (y, 0) = f0(y), fˆ (y, 1) = f (y). (15)
Note that when p increases from 0 to 1 then fˆ (y, p) varies from f0(y) to f (y). By Taylor’s theorem and Eq. (15) one
can write
fˆ (y, p) = f0(y)+
∞∑
m=1
fm(y)pm, (16)
fm(y) = 1m!
∂m fˆ (y, p)
∂pm
∣∣∣∣∣
p=0
(17)
in which convergence of the series (16) is dependent upon h¯. Assume that h¯ is selected such that the series (16) is
convergent at p = 1 then due to Eq. (15) we have
f (y) = f0(y)+
∞∑
m=1
fm(y). (18)
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Employing the same method of solution as in [36] the resulting m-th order deformation problem is
L[ fm(y)− χm fm−1(y)] = h¯Rm(y), (19)
fm(0) = f ′′m(0) = fm
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2
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= 0, (20)
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]
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χm = 0, m ≤ 1,1, m > 1 (22)
and its solution is
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am,1 = χmχ4m+1am−1,1 +
4m+4∑
n=0
n∆m,n
(n + 1)(n + 2)(n + 3)2n+3 , (24)
am,2 = χmχ4mam−1,2, (25)
am,3 = χmχ4m + ∆m,06 −
4m+4∑
n=0
∆m,n
(n + 1)(n + 3)2n+1 , (26)
am,n = χmχ4m−n+2am−1,n +
4m+4∑
n=0
∆m,n−3
n(n − 1)(n − 2) , n ≥ 4, (27)
∆m,n = h¯
[
χ4m−n+2(dm−1,n − M2bm−1,n)+ Re(αm,n − βm,n)
−α1(2γm,n − δm,n − ωm,n)
]
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The coefficients αm,n, βm,n, γm,n, δm,n and ωm,n , when m ≥ 1, 0 ≤ n ≤ 4m + 4 are
αm,n =
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dm,n = (n + 1)cm,n+1
em,n = (n + 1)dm,n+1. (34)
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Fig. 1. h-curve for the 30th order of approximation.
Fig. 2(a). Variation of f for different values of Reynolds number Re.
For the detailed analysis of above relations the reader is referred to [25]. With the help of the above recurrence
formulae all the coefficients am,n can be calculated using the coefficients
a0,0 = 0, a0,1 = 32 , a0,2 = 0, a0,3 = −2, a0,4 = 0 (35)
given through the initial guess approximation in Eq. (9). The explicit, totally analytic solution is
f (y) =
∞∑
m=0
fm(y) = lim
N→∞
[
4N+4∑
n=1
(
4N+3∑
m=n−1
am,n yn
)]
. (36)
4. Convergence of the analytical solution
Clearly Eq. (36) involves h¯, which determines the convergence region and the rate of approximation for HAM. In
Fig. 1 the h¯-curve is plotted for the 30th order of approximation. The range for the admissible values of h¯ here is
−0.6 ≤ h ≤ −0.2. The series converges in the whole region of y when h = −0.4.
5. Results and discussion
The aim of this section is to show the influence of Reynolds number Re, Hartman number M and the material
parameter α of the second grade fluid on f and f ′ in the suction case. For this purpose we sketched Figs. 2–4.
Here Figs. 2(a) and 2(b) show the effects of suction velocity Re on the velocity components f and f ′, respectively,
when M 6= 0. The Fig. 2(a) depicts that the velocity f decreases by increasing Re. Fig. 2(b) indicates that there is a
decrease in f ′ initially but it increase after y = 0.25.
The variation of α on f and f ′ is plotted in Figs. 3(a) and 3(b). It is noted that the behavior of α on f and f ′ is
similar to that of Re. In order to illustrate the effects of M on f and f ′, Figs. 4(a) and 4(b) have been made. Fig. 4(a)
elucidates that f decreases for the large values of M . However, Fig. 4(b) shows that f ′ decreases initially but after
y = 0.25 it starts increasing when M is increased.
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Fig. 2(b). Variation of f ′ for different values of Reynolds number Re.
Fig. 3(a). Variation of f for different values of α for the case of suction.
Fig. 3(b). Variation of f ′ for different values of α for the case of suction.
Fig. 4(a). Variation of f for different values of M for the case of suction.
6. Concluding remarks
The problem of MHD flow of a second grade fluid in a porous channel has been considered. The problem which
governs the flow was first non-dimensionalized and then solved by employing HAM. The influence of the parameters
of interest has been discussed through graphs. It has been noted that the graph shows quite reasonable observations.
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Fig. 4(b). Variation of f ′ for different values of M for the case of suction.
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